Abstract. Almost hypercomplex pseudo-Hermitian manifolds are considered. Isotropic hyper-Kähler manifolds are introduced. A 4-parametric family of 4-dimensional manifolds of this type is constructed on a Lie group. This family is characterized geometrically. The condition a 4-manifold to be isotropic hyper-Kähler is given. (2000): 53C26, 53C15, 53C50, 53C55
Introduction
The general setting of this paper is inspired by the work of D. V. Alekseevsky and S. Marchiafava [1] . Our purpose is to develop a parallel direction including indefinite metrics. More precisely we combine the ordinary Hermitian metrics with the so-called by us skew-Hermitian metrics with respect to the almost hypercomplex structure. In the first section we consider an appropriate decomposition of the space of all bilinear forms on a vector space equipped with a hypercomplex structure.
Here we emphasize on a notion of the skew-Hermitian metric. In fact, we construct three skew-Hermitian metrics and one Hermitian, i.e. a pseudo-Hermitian structure.
In the second we develop the notion of an almost hypercomplex manifold with a pseudo-Hermitian structure and particularly the so-called pseudo-hyper-Kähler-ian and isotropic Kähler structures. Finally, in the third section we equip a 4-dimensional Lie group with an almost hypercomplex pseudo-Hermitian structure and we characterize it geometrically.
Hypercomplex pseudo-Hermitian structures on a vector space
Let V be a real 4n-dimensional vector space. A (local) basis on V is denoted by ∂/∂x i , ∂/∂y i , ∂/∂u i , ∂/∂v i , i = 1, 2,. . . , n. Each vector x of V is represented in the mentioned basis as follows
A standard hypercomplex structure on V is defined as in [8] : 
The following properties about J i are direct consequences of (2)
If x ∈ V , i.e. x(x 1 , . . . , x n ; y 1 , . . . , y n ; u 1 , . . . , u n ; v 1 , . . . , v n ) then according to (2) and (3) we have
2) The 3-dimensional subspace Q ≡ H = RJ 1 + RJ 2 + RJ 3 of the space of endomorphisms EndV is called a quaternionic structure on V . It is said that H = (J α ) is an admissible basis of Q.
Note that two admissible bases H and H ′ of Q = H = H ′ are related by an orthogonal matrix in SO(3).
The matrices of J 1 and J 2 are given in [8] by (n × n)-sets of (4 × 4)-matrices J α = diag (I α , I α , . . . , I α ), where I α (α = 1, 2, 3) are respectively
and consequently
The matrices J α of the complex structures J α (α = 1, 2, 3) with respect to an admissible frame for H = (J α ) are called standard matrices.
A bilinear form f on V is defined as ordinary, f : V × V → R. We denote by B(V ) the set of all bilinear forms on V . Each f is a tensor of type (0, 2), and B(V ) is a vector space of dimension 16n
2 .
Let J be a given complex structure on V . A bilinear form f on V is called Hermitian (respectively, skew-Hermitian) with respect to J if the identity f (Jx, Jy) = f (x, y) (respectively, f (Jx, Jy) = −f (x, y) holds true. 
We will denote by B H (V ) the set of all Hermitian bilinear forms on V .
In [6] is introduced the notion of pseudo-Hermitian bilinear forms, namely: 
where (α, β, γ) is a circular permutation of (1, 2, 3) . Now, let us show the existence of the introduced bilinear forms on V . We denote f ∈ B α ⊂ B(V ) (α = 1, 2, 3) when f satisfies the conditions (4). Let us remark that B H (V ) is a subspace of the vector space B(V ). The projector
For convenience we set Π 0 := Π H and B 0 := B H (V ). Clearly, Π 0 is a projector, i.e. Π 
where (α, β, γ) is a circular permutation of (1, 2, 3). It is not difficult to see that
In view of (5)- (6) the following proposition holds:
The vector space B(V ) admits the following decomposition
where the operators Π 0 , Π 1 , Π 2 and Π 3 are projectors with values in
So, pseudo-Hermitian bilinear forms exist and moreover they are three types in any vector space V equipped with a hypercomplex structure H, denoted by (V, H). Let x determined by (1) and
be arbitrary vectors on V . Following [9] , we define as in [6] a pseudo-Euclidean metric of signature (2n, 2n) on V by a symmetric bilinear form g as follows
Hence for the local basis ∂/∂x
Let us remark that if we denote e i = ∂/∂x i (i = 1, 2, . . . , n) then according to (2) the basis (e 1 , e 2 , . . . , e n ; J 1 e 1 , J 1 e 2 , . . . , J 1 e n ; . . . ; J 3 e 1 , J 3 e 2 , . . . , J 3 e n ) (7) is an an admissible basis of H and it is orthonormal with respect to g. Because of the properties
the pseudo-Euclidean metric g is a symmetric pseudo-Hermitian bilinear form and g ∈ B 1 . Moreover, g 1 (x, y) := g(J 1 x, y) = −g(J 1 y, x) coincides with the known Kähler form with respect to J 1 , i.e. Φ(x, y) := g 1 (x, y) [6] . The associated bilinear forms g 2 (x, y) := g(J 2 x, y) and g 3 (x, y) := g(J 3 x, y) of g are symmetric and Φ ∈ B 0 , g ∈ B 1 , g 2 ∈ B 3 , g 3 ∈ B 2 , i.e. the Kähler form Φ is Hermitian and g, g 2 , g 3 are pseudo-Hermitian of different types, but they have the same signature (2n, 2n). Then the structure (H,
is called a hypercomplex pseudo-Hermitian structure on V [6] . According to [8] , the matrices that commute with J α (α = 1, 2, 3) are A = (A ij ), i, j ∈ {1, 2, . . . , n}, where every (A ij ) is a (4 × 4)-matrix of the form
The set of the J α -commuting matrices, that are invertible, is a group which is isomorphic to GL(n, H). The pseudo-Euclidean metric g has a matrix with respect to the basis (7) of the form g = diag(g, g, . . . , g), where
The group preserving g is defined by the condition A T gA = g for arbitrary A ∈ GL(4n, R). It is clear that the group which preserves g is O(2n, 2n).
The structural group of (V, H, G) has the property to preserve the structures J α and the metric g (consequently Φ, g 2 , g 3 , too). Then this structural group is the intersection of GL(n, H) and O(2n, 2n). We get immediately that
) is an 1-parametrical group, i.e. the elements A ij of A depend on 1 real parameter.
Almost (H, G)-structures on a manifold
Let (M, H) be an almost hypercomplex manifold [1] . We suppose that g is a symmetric tensor field of type (0, 2). If it induces a pseudo-Hermitian inner product in 
where ∇ is the Levi-Civita connection generated by g [6] . The properties of H and g imply the following properties of F α :
Let us consider the Nijenhuis tensors N α for J α and X, Y ∈ X(M ) given by
It is well known that the almost hypercomplex structure H = (J α ) is a hypercomplex structure if N α vanishes for each α = 1, 2, 3. Moreover, it is known that one almost hypercomplex structure H is hypercomplex if and only if two of the structures J α (α = 1, 2, 3) are integrable. This means that two of the tensors N α vanish [1] . Let us note that according to (8) the manifold (M, J 1 , g) is almost Hermitian and the manifolds (M, J α , g), α = 2, 3, are almost complex manifolds with Norden metric (or B-metric) [2, 3] . The basic classes of the mentioned two types of manifolds for dimension 4n are:
where θ 1 (·) = g ij F 1 (e i , e j , ·) for an arbitrary basis
where θ α (z) = g ij F α (e i , e j , z), α = 2, 3, for an arbitrary basis
and S is the cyclic sum by three arguments [2] . The special class W 0 (J α ) : F α = 0 (α = 1, 2, 3) of the Kähler-type manifolds belongs to any other class within the corresponding classification. We say that an almost hypercomplex pseudo-Hermitian manifold is a pseudohyper-Kähler manifold , if ∇J α = 0 (α = 1, 2, 3) with respect to the Levi-Civita connection generated by g [6] . Clearly, in this case we have F α = 0 (α = 1, 2, 3) or the manifold is Kählerian with respect to J α , i.e. (M, H, G) ∈ W 0 (J α ). Immediately we obtain
for all cyclic permutations (α, β, γ) of (1, 2, 3) and (M, H, G) is pseudo-hyperKählerian.
A basic property of the pseudo-hyper-Kähler manifolds is given in [6] by the following
Theorem 2.2 ([6]) Each pseudo-hyper-Kähler manifold is a flat pseudo-Riemannian manifold of signature (2n, 2n).
As g is an indefinite metric, there exist isotropic vector fields X on M , i.e. g(X, X) = 0, X = 0, X ∈ X(M ). Following [4] we define the invariants
where
is an arbitrary basis of T p M , p ∈ M . Let us remark that the invariant ∇J α 2 is the scalar square of the (1, 2)-tensor ∇J α .
Definition 2.1 We say that an (H, G)-manifold is:
(i) isotropic Kählerian with respect to J α if ∇J α 2 = 0 for some α ∈ {1, 2, 3};
(ii) isotropic hyper-Kählerian if it is isotropic Kählerian with respect to every
J α of H.
Clearly, if (M, H, G) is pseudo-hyper-Kählerian, then it is an isotropic hyperKähler manifold. The inverse statement does not hold.
A Lie group as a 4-dimensional (H, G)-manifold
In [7] is constructed an example of a 4-dimensional Lie group equipped with a quasi-Kähler structure and Norden metric g, i.e. it is a W 3 -manifold according to (13). There it is characterized with respect to ∇ of g.
Theorem 3.1 ([7]) Let (L, J, g) be a 4-dimensional almost complex manifold with Norden metric, where L is a connected Lie group with a corresponding Lie algebra l determined by the global basis of left invariant vector fields
J is an almost complex structure defined by
g is an invariant Norden metric determined by
g) is a quasi-Kähler manifold with Norden metric if and only if L belongs to the 4-parametric family of Lie groups determined by the conditions
where λ i ∈ R (i = 1, 2, 3, 4) and (λ 1 , λ 2 , λ 3 , λ 4 ) = (0, 0, 0, 0).
The components of ∇ are determined ( [7] ) by (17) and
Hence the components R ijks = R(X i , X j , X k , X s ) (i, j, k, s = 1, 2, 3, 4) of the curvature tensor R on (L, g) are: [7] 
and the scalar curvature τ on (L, g) is [7] 
Now we introduce a hypercomplex structure H = (J 1 , J 2 , J 3 ) by the following way. At first, let J 2 be the given almost complex structure J by (15). Secondly, we define an almost complex structure J 1 as follows
Finally, let the almost complex structure J 3 be the composition of
Then the introduced structure (H, G) on L has the properties (3) and (8 We continue by a characterization of the constructed manifold (L, H, G).
be the components of the structural tensor F α and its Lee form θ α (α = 1, 2, 3), respectively. The nonzero components of F 2 are: [7] −(
Then we have θ 2 = 0. By this way we confirm the statement in Theorem (3.1) that the introduced manifold in [7] is of the basic class W 3 with respect to J 2 within the classification (13), i.e.
Having in mind (16)- (18), (21) and (9), we obtain the nonzero components of F 1 as follows
Then we have
Since (λ 1 , λ 2 , λ 3 , λ 4 ) = (0, 0, 0, 0) then the 4-dimensional almost Hermitian manifold (L, J 1 , g) is not Kählerian and θ 1 = 0.
The validity of the property
is verified by us in virtue of (21) and (24). It is equivalent to the vanishing of the Nijenhuis tensor of J 1 , i.e. N 1 = 0. According to [5] for dimension 4 we get that the considered manifold belongs to the basic class W 4 (J 1 ) within (12), i.e.
(L, J 1 , g) ∈ W 4 (J 1 ).
As it is known [5] , this class contains the conformally Kähler manifolds of Hermitian type. The necessary and sufficient condition a W 4 (J 1 )-manifold to be locally or globally conformally Kählerian one is the Lee form θ 1 to be closed or exact. The basic components of dθ 1 are:
Hence, θ 1 is not closed and therefore the constructed W 4 (J 1 )-manifold is not conformally Kählerian.
Having in mind (10), (22), (24), we compute the following nonzero components of F 3 : 
Hence, we establish directly that θ 3 = 0 and Si,j,k(F3)ijk = 0. Therefore we obtain that the considered manifold belongs to the basic class W 3 (J 3 ), i.e.
(L, J 3 , g) ∈ W 3 (J 3 ).
Let us summarize the conclusions (23), (25) and (27) in the following statement. The square norm ∇J α 2 of ∇J α for an almost complex structure J α is defined in [4] by (14) . Having in mind the definition F α (X, Y, Z) = g (∇ X J α ) Y, Z of the tensor F α , we obtain the following equation for the square norm of ∇J α
By virtue of (24), (22), (26) The last equations and Equation (20) imply 
